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THE BREMERMANN-DIRICHLET PROBLEM FOR
UNBOUNDED DOMAINS OF Cn
ALEXANDRU SIMIONIUC, GIUSEPPE TOMASSINI
Abstract. Given an unbounded strongly pseudoconvex domain
Ω and a continuous real valued function h defined on bΩ, we study
the existence of a (maximal) plurisubharmonic function Φ on Ω
such that Φ|bΩ = h.
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1. Introduction
Let Ω ⊂ Cn be a bounded domain and h : bΩ → R a continuous
function. The problem of extending h to Ω by a plurisubharmonic
function was considered for the first time by Bremermann in [2]. He
proved that, if Ω is strongly pseudoconvex, the upper envelope uΩ,h
of the class of plurisubharmonic functions in Ω which are majored by
h on bΩ, is a plurisubharmonic extension of h which is continuous at
bΩ. Later on, Walsh ([10]) showed that uΩ,h is actually continuous
and Bedford and Taylor ([1]) proved that uΩ,h ias a solution of the
homogeneous complex Monge-Ampe`re equation.
2000 Mathematics Subject Classification. 32U05, 32T15.
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It is worth observing that, if Ω is not strongly pseudoconvex, the
boundary value h cannot be arbitrary (cfr. Lemma 2).
A generalization of the problem for q-plurisubharmonic functions and
strongly q-pseudoconvex domains was considered by Hunt and Murray
([4]) and by Slodkowski ([8]).
In this paper we deal with the following Bremermann-Dirichlet prob-
lem consisting of finding a function u : Ω→ R, such that
(⋆)


(i) u is upper semicontinuous in Ω
(ii) u is plurisubharmonic in Ω
(iii) u|bΩ = h
where Ω⊂Cn is an unbounded strongly pseudoconvex domain with a
C2 boundary and h : bΩ→ R a continuous function.
In this situation the problem may not admit non-trivial solutions
even for very simple domains. Indeed, in [7], the authors constructed a
continuous function h on the boundary bΩ of a paraboloid Ω, satisfying
inf
bΩ
h = −∞, such that the only plurisubharmonic function u satisfying
u ≤ h on bΩ is the function u ≡ −∞.
Thus, in (⋆) we assume that h ≥ 0.
In the first part of the paper we prove that the problem (⋆) admits
a solution u which is continuous in Ω (cfr. Theorem 6).
In the second part of the paper we study the existence of a maxi-
mal solution for the Bremermann-Dirichlet problem. We first consider
the case of strongly convex domains. Using an appropriate exhaustive
sequence of subdomains of Ω and a decreasing sequence of Perron-
Bremermann functions defined on bounded domains we prove the fol-
lowing:
• Let Ω ⊂ Cn be an unbounded strongly convex domain and h :
b Ω→ R a bounded continuous function. Then the Bremermann-
Dirichlet problem admits a maximal solution, which is contin-
uous on Ω.
(cfr. Proposition 19). If h : b Ω→ [0,+∞) is not bounded, the continu-
ity of the maximal solution, which is always granted on the boundary
bΩ (cfr. Proposition 15) is hard to prove in general. In Subsection 4.3
we exhibit some examples where we can obtain the continuity of the
maximal solution assuming some hypothesis on the boundary of the
domain or on the function h.
The general case of a strongly pseudoconvex domain is treated in
Section 5. The existence of the maximal solution and its continuity
at the boundary are obtained assuming an aditional hypothesis for Ω,
which was introduced by Lupacciolu ([5]) in studying the extension
problem for CR functions in unbounded domains.
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The last section of the paper deals with q-plusubharmonic solutions.
We prove that if Ω is an unbounded strongly convex domain and h a
bounded real valued continuous function defined on bΩ, then the gener-
alized Bremermann-Dirichlet problem for q-plusubharmonic functions
admits a maximal solution which is continuous on Ω and (n− q − 1)-
plurisuperharmonic in Ω.
2. Preliminaries
2.1. The Perron-Bremermann function. A plurisubharmonic func-
tion u : U → R ∪ {−∞} on an open set U ⊆ Cn is an upper semi-
continuous function such that its restriction to any complex line L is
subharmonic, i.e. for every compact subset K ⊂ U ∩ L and for every
harmonic function h on intK continuous on K such that h|bK ≥ u|bK
we have h ≥ u|K. If U ∈ Cn is an open set, we denote by Psh(U) the
set of plurisubharmonic functions in U and by Psh(s)(U) the subset of
functions u ∈ Psh(U) which are semicontinuous on U .
Proposition 1. Let U, V ⊂ Cn be open sets, V ⊂ U , u ∈ Psh(s)(U) and
v ∈ Psh(s)(V ) such that u|bV ≥ v|bV. The function Ψ : U → R∪{−∞}
given by
Ψ(z) =
{
max{u(z), v(z)}, z ∈ V
u(z), z ∈ UrV ,
is plurisubharmonic on U .
Proof. Let m = max{u, v}. It is clear that Ψ is upper semicontinuous.
Let L be a complex line, K ⊂ L∩U a compact subset and h : K → R
a continuous function, harmonic on int K, such that h|bK ≥ Ψ|bK. We
have to prove that h ≥ Ψ|K . Suppose by contradiction that there exists
z0 ∈ K such that h(z0) < Ψ(z0). Since Ψ is plurisubharmonic on V
and on UrV , we must have K ∩ bV 6= ∅. If z0 ∈ V (respectively
z0 ∈ UrV ), by the maximum principle applied to the subharmonic
function m|L on V ∩ L (repectively u|L on U ∩ LrV ), we deduce in
both cases that there exists z1 ∈ K ∩ bV such that
u(z1) = m(z1) > h(z1).
This contradicts the maximum principle for u|L, since h|bK ≥ Ψ|bK ≥
u|bK. ✷
A plurisubharmonic function u : Ω → R ∪ {−∞} is called (locally)
maximal if for every open set G ⊂ Ω and every function v plurisubhar-
monic on G such that lim supz→p v(z) ≤ u(p) for all p ∈ bΩ we have
u ≤ v on G.
Let Ω ⊆ Cn be a domain with C2 boundary. Let p ∈ bΩ and U be
an open neighbourhood of p in Cn. A C2 function ̺ : U → R satisfying
D ∩ Ω = {z ∈ U : ̺(z) < 0}
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and d̺ 6= 0 on bΩ ∩ U is called a defining function on U for bΩ.
Let Lp(̺) denote the Levi form
∂∂̺(p) =
n∑
j,k=1
∂2̺(p)
∂zj∂zk
dzi ∧ dzj
of ̺ at p. Ω is called strongly pseudoconvex at p if the restriction
of Lp(̺) to the tangent hyperplane to bΩ at p is positively definite.
The definition does not depend on the defining function ̺. A bounded
strongly pseudoconvex domain Ω admits a plurisubharmonic globaly
defining function in a neighbourhood of Ω, i.e. can be written in the
form
Ω = {z ∈ Cn : ̺(z) < 0},
where u is strongly plurisubharmonic in a neighborhood of Ω and d̺ 6=
0 on bΩ.
We state here, the following
Lemma 2. Let Ω ∈ Cn, n ≥ 2, be a domain and H a hyperplane such
that H ∩ Ω 6= ∅. Let Ω1 be a bounded connected component of Ω r H
and Σ and L such that bΩ1 = Σ∪L, where L 6= ∅ is an open subset of
H. If u ∈ Psh(s)(Ω), then
max
z∈Ω1
u(z) = max
z∈Σ
u(z).
Proof. Let z0 ∈ Ω1. We choose a complex line L1 ⊂ Ω1 passing by
z0 such that L1 ∩ Ω is a domain D of L1 with bD ⊂ Σ. Considering
the constant function φ ≡ M on D, where M = maxz∈Σ u(z), φ is a
harmonic function satisfying u|bdD ≤ φ|bdD, therefore u|D ≤ φ and thus
u(z0) ≤M . ✷
For every continuous function h : b Ω→ R, we define
PΩ,h = {u ∈ Psh(s)(Ω) : u|bΩ ≤ h}
and we denote uΩ,h : Ω→ [−∞,+∞) the upper envelope of PΩ,h
uΩ,h(z) = lim sup
ζ→z
sup
u∈PΩ,h
u(ζ).
uΩ,h is called the Perron-Bremermann function for Ω and h.
Proposition 3. Let Ω be a bounded domain in Cn. The Perron-
Bremermann function has the following properties:
(i) uΩ,h+c = uΩ,h + c, ∀c ∈ R;
(ii) if h1 ≤ h2, then uΩ,h1 ≤ uΩ,h2;
(iii) if h = sup(h1, h2), then uΩ,h ≥ sup(uΩ,h1, uΩ,h2) (and in
general uΩ,h 6= sup(uΩ,h1, uΩ,h2));
(iv) maxz∈Ω |uΩ,h1 − uΩ,h2| = maxz∈bΩ |h1 − h2|;
(v) if hν → h in C0(bΩ), then uΩ,hν → uΩ,h in C0(Ω).
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Proof. (i), (ii) and (iii) are obvious. To prove (iv), we put
M = max
z∈bΩ
(h1(z)− h2(z))
and
m = min
z∈bΩ
(h1(z)− h2(z)).
Using (i), (ii) and (iii) we get:
−max(|m|, |M |) ≤ m ≤ |uΩ,h1 − uΩ,h2| ≤ M ≤ max(|m|, |M |)
and from this it follows the conclusion, since
max(|m|, |M |) = max
z∈bΩ
|h1 − h2|.
Property (v) follows immediately from (iv). ✷
2.2. The Bremermann-Dirichlet problem. Given a domain Ω ⊂
Cn and a continuous function h : b Ω→ R, the Bremermann-Dirichlet
problem consists of finding a function u : Ω→ R, such that
(⋆)


(i) u is upper semicontinuous in Ω
(ii) u is plurisubharmonic in Ω
(iii) u|bΩ = h
Bremermann proved in [2] that if Ω is a strongly pseudoconvex bounded
domain, then the Perron-Bremermann function uΩ,h is an element of
PΩ,h, which is continuous on bΩ and uΩ,h|bΩ = h. In [10], Walsh proved
that uΩ,h is actually continuous in Ω. Thus, for a strongly pseudocon-
vex bounded domain Ω, uΩ,h is a continuous maximal solution of the
problem (⋆).
About regularity we have the following
Proposition 4. Let Ω ⊂ Cn be a strongly pseudoconvex bounded do-
main and h : b Ω → R a C2 function. Then the Perron-Bremermann
solution uΩ,h of the problem (⋆) is Lipschitz in Ω.
We first prove the
Lemma 5. Let Ω ⊂ Cn be a strongly pseudoconvex bounded domain
and h : b Ω → R a continuous function. If the Perron-Bremermann
solution uΩ,h of the problem (⋆) is Lipschitz in a δ-neighbourhood Ωδ of
bΩ in Ω, for some δ > 0, then uΩ,h is Lipschitz in Ω. Moreover, if Ω is
convex, then any Lipschitz constant in Ωδ is also a Lipschitz constant
in Ω.
Proof. Set u = uΩ,h and let δ > 0 such that u is c-Lipschitz in Ωδ (i.e.
Lipschitz with constant c). Let z1, z2 ∈ Ω with ‖z2 − z1‖ < δ/3 and
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put y = z2 − z1. Define the function Ψ : Ω→ R by
Ψ(z) =
{
max{u(z), u(z + y)− c‖y‖}, z ∈ Ω, dist(z, bΩ) > δ
2
u(z), z ∈ Ω, dist(z, bΩ) ≤ δ
2
.
Since u is c-lipschitz in Ωδ, for every z ∈ Ω with dist(z, bΩ) = δ2
|u(z + y)− u(z)| < c‖y‖,
thus, by the Proposition 1, Ψ is plurisubharmonic in Ω and therefore
is a solution of the problem (⋆). Using the maximality of u we deduce
that
u(z2)− u(z1) < c‖z2 − z1‖.
Interchanging z1 and z2 we obtain
|u(z2)− u(z1)| < c‖z2 − z1‖.
Since every two points in Ω can be connected by a path in Ω made by
segments of length less then or equal to δ/3, we get the conclusion. If
Ω is convex, the path may be choosen a segment . ✷
Proof of Proposition 4 Let h˜ : Ω→ R be a C2 extension of h and
φ a C2 defining function for bΩ which is strongly plurisubharmonic.
There exists a constant a > 0 such that the function Φ− = h˜ + aφ is
plurisubharmonic and the function Φ+ = h˜−aφ is plurisuperharmonic.
Then we have Φ−|bΩ = Φ+|bΩ = h and Φ− ≤ u ≤ Φ+. Since Φ− and
Φ+ are C2, they are c-Lipschitz for some constant k > 0. Let δ > 0,
z1, z2 ∈ Ω such that ‖z2 − z1‖ = δ and put y = z2 − z1. Let z ∈ Ω
such that dist(z, bΩ) = δ and z¯ ∈ bΩ such that ‖z0 − z‖ = δ. Then,
if u = uΩ,h,
u(z + y) ≤ Φ+(z + y) ≤ Φ+(z) + kδ ≤ Φ+(z¯) + 2kδ ≤ Φ−(z) + 3kδ.
In view of Proposition 1, the function
Ψ(z) =
{
max{Φ−(z), u(z + y)− 3kδ}, z ∈ Ω, dist(z, bΩ) > δ
Φ−(z), z ∈ Ω, dist(z, bΩ) ≤ δ,
is plurisubharmonic in Ω, hence it is a solution of the problem (⋆).
Using the maximality of the Bremermann solution u, we get that
u(z2)− u(z1) < k‖z2 − z1‖
and interchanging z1 and z2 we obtain
|u(z2)− u(z1)| < c‖z2 − z1‖.
Thus, uΩ,h is Lipschitz on Ωδ, whence the conclusion in view of Lemma
4. ✷
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3. Existence of continuous solutions for unbounded
domains
In this section we want to study the Bremermann-Dirichlet prob-
lem (⋆), notably the existence of maximal solutions, when Ω is an
unbounded domain in Cn. It is worth to observe that the problem (⋆)
may not admit solutions even for very simple domains. Ideed, in [7] it
is proved that if Ω is the strongly convex paraboloid
Ω =
{
(z, w) ∈ C2 : Im w > |z|2 + (Re w)2} ,
it is possible to construct a continuous function h : b Ω→ R such that
the only plurisubharmonic function u on Ω which satisfy
lim sup
ζ→z
u(ζ) ≤ h(z), ∀z ∈ Ω
is the function u ≡ −∞. The reason is that the function h constructed
there is negative in a ”large part of bΩ”. Thus in the sequel we assume
that the boundary value for the problem (⋆) is non negative.
We start by proving the following existence theorem
Theorem 6. Let Ω ⊂ Cn be a strongly pseudoconvex domain and h :
b Ω→ [0,+∞) a continuous function. Then the problem (⋆) admits a
solution u which is continuous on Ω.
Proof. For every z ∈ bΩ there exist a neighbourhood Uz of z and a
biholomorphism φz : Uz → U ′z such that φz(Uz∩bΩ) is strongly convex.
We take two concentric balls B′z ⊂ C ′z ⊂ U ′z centered at z′ = φz(z) and
we define a continuous function f ′z : U
′
z ∩ φ(bΩ)→ [0; 1] such that
f ′z|φ(bΩ)∩B′z ≡ 1, f ′z|U ′z∩φ(bΩ)rC′z ≡ 0.
Put
S ′z = {w ∈ U ′z ∩ φ(bΩ) : f ′z(w) > 0}.
If Sz = φ
−1
zj
(S ′z), then {Sz}z∈bΩ is an open covering of bΩ. From it, we
extract a locally finite covering {Szj}j∈J . If f = f ′ ◦ φzj , we define the
functions θzj , θ : b Ω→ [0,+∞) by
θzj (z) =
{
f(z), z ∈ Szj
0, otherwise
and θ =
∑
j∈J θzj . Since {Szj}j∈J is locally finite, θ < +∞, thus
{θzj/θ}j∈J is a partition of the unity. We define hzj : b Ω → [0,+∞)
by hzj = hθzj/θ, thus
∑
j∈J hzj = h. Putting h
′
zj
= hzj ◦ φ−1zj and
G′zj = φzj(Ω) ∩ C ′zj , we define g′zj : bG′zj → [0,+∞) by
g′zj (z
′) =
{
h′zj (z
′), z′ ∈ S ′zj
0, otherwise.
Notice that G′zj may not be with C
2 boundary. For all that, we may
assume G′zj to be with C
2 boundary, using an approximation result
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proved in [9] (see also [6]), which says that for every neighbourhood of
the set of singularities of the boundary of a strongly convex analytic
polihedron there exists a C2 strongly convex subdomain whose bound-
ary coincides with the boundary of the analytic polihedron outside of
that neighbourhood. We consider the subset
D′zj = {z′ ∈ G
′
zj
: ∃Lz′ ∋ z′ complex line s.t. Lz′ ∩ bG′zj ⊆ bC′zj}.
By the maximum principle, for every non-negative function u′ ∈ Psh(s)(G′zj)
with u′|bG′zj ≤ g′zj we have u′|D′zj ≡ 0. Thus, if Γ′zj is the solution for the
Bremermann-Dirichlet problem for the domain G′zj and the assigned
values g′zj , then Γ
′
zj
|D′zj ≡ 0, thus if Γzj = Γ′zj ◦φ−1zj and Dzj = φ−1zj (D′zj ),
we have Γzj |Dzj ≡ 0. Since by construction D′zj is a neighbourhood of
bC′zj ∩φzj(Ω) in G
′
zj
, Dzj is a neighbourhood of Czj = φ
−1
zj
(C ′zj) in Gzj ,
therefore the function ψzj : Ω→ R given by
ψzj =
{
Γzj , on Ω ∩ CzjrDzj
0, otherwise
is plurisubharmonic on Ω. We define on Ω the function u by
u =
∑
j∈J
ψzj ,
which is a continuous solution of (⋆). ✷
Remark 7. For every neighbourhood U of bΩ, u may be constructed
such that u|ΩrU ≡ 0.
Corollary 8. If Ω ⊂ Cn is a strongly pseudoconvex domain, then there
exists a function ̺ ∈ C0(Ω) ∩ Psh(Ω) such that {̺ = 0} = bΩ.
Proof. If we apply the previous theorem taking h ≡ 1, then the func-
tion φ : Ω → R given by φ = u − 1 satisfy the requirments. Indeed,
assume that there exist z0 ∈ Ω such that u(z0) ≥ 1. There exist k ∈ N
and J1 = {j1, . . . , jk} ⊂ J such that ψzj (z0) = 0 for every j ∈ JrJ1.
Let Wzj = supp ψzj for j ∈ J . By construction, bWzj = Szj ∪Tzj , such
that ψzj |Tzj ≡ 0 for all j ∈ J1. On
⋃
j∈J1
Wzj we define u1 =
∑
j∈J1
ψzj .
If we put W = supp u1, then bW = S ∪ T, where S =
⋃
j∈J1
Szj
and T ⊂ ⋃j∈J1 Tzj such that ψzk |T ≡ 0 for all j ∈ J1. Therefore
u1|S ≤ h ≡ 1 and u1|T ≡ 0 which contradicts the maximum principle
for the plurisubharmonic function u1. ✷
”Par abus de langage” also ϕ will be called a continuous defining
function for bΩ.
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4. Maximal solutions for unbounded strongly convex
domains
The first case that we treat is the one of unbounded strongly convex
domains of Cn.
4.1. Existence. Let Ω ⊂ Cn be a strongly convex domain, h : b Ω→
[0,+∞) a continuous function and consider the problem (⋆) for the
domain Ω and the function h.
We have the following intuitive fact
Proposition 9. Let Ω be a convex unbounded domain in Cn with C2
boundary. Then there exists v ∈ Cn r {0} such that for every z ∈ Ω
and for every k > 0, we have z + kv ∈ Ω. Moreover, if Ω does not
contain straight lines, there exists v ∈ Cn with the previous property
and a unique complex hyperplane orthogonal to v which is tangent to
bΩ.
Proof. Let z0 ∈ Ω and let S(z0; η) be a ball of center z0. Suppose by
contradiction that for every z′ ∈ S(z0; η), the halfline starting in z0 and
passing by z′ intersects bΩ in some point z; we define d(z′) = ‖z−z0‖.
We will prove that d : S(z0; η) → (0,+∞) is a continuous function.
Let u ∈ S(z0; η) and let w be the intersection of the halfline starting
in z0 and passing by u with bΩ and let ε > 0. Let H be the tangent
hyperplane to bΩ in w. Let y be a point on the segment of extremities
z0 and w, such that ‖y − w‖ = ε1, with ε1 < ε/2 (see figure 1). There
exists ε2 < ε/2 such that the cylinder C(z
0y; ε2) of radius ε2 around
the segment of extremities z0 and y to be contained in Ω. Thus, the
basis B(y; ε2) of the cylinder C(z
0y; ε2) which contains the point y is
included in the ball B(w; ε). Decreasing, eventualy, ε2, we may assume
that for every point y′ ∈ B(y; ε2), the halfline starting in z0 and passing
by y′ intersects H inside the ball B(w; ε). Taking the intersections
of all such halflines with S(z0; η) we get a neighborhood U of u on
S(z0; η) and taking the intersections of all such halflines with bΩ, we
get a neighborhood W of w in bΩ and W ⊂ B(w; ε). Thus, for every
u′ ∈ U , d(u′) differs from d(u) less than ε.
Since Ω is unbounded and convex, there exists a sequence (uν) of
points uν ∈ S(z0; η), such that d(uν)→ +∞, which is a contradiction,
since d is continuous and S(z0; η) is compact. Therefore, there exists
v ∈ Cn r {0} such that for every k > 0, we have z0 + kv ∈ Ω.
Let z ∈ Ω. Suppose by contradiction that the halfline starting from
z and parallel with v intersects bΩ in some point w. Since Ω is convex,
the tangent hyperplane to bΩ in w is not parallel with v, thus it will
also intersect the halfline starting from z0 and parallel with v, which
contradicts again the convexity of Ω.
Assume now that Ω contains no straight line and let
C = {u ∈ Cn r {0} : ∀z0 ∈ Ω, ∀k > 0, z0 + ku ∈ Ω}.
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Figure 1.
Since Ω is convex, if u, v ∈ C, then αu+βv ∈ C, for every α, β ≥ 0 and,
since Ω contains no straight line, C is included in an open halfspace.
Let v ∈ C such that the normal hyperplane H to v passing by the
origin to be the boundaring hyperplane of an open halfspace including
C. We may assume for simplicity that v = (1, 0, . . . , 0). Let
Hx = {z = (x1, y1, . . . , yn) ∈ Cn : x1 = x}.
The first case we treat is when there exists x ∈ R such that Hx∩Ω = ∅.
Let l = sup{x ∈ R : Hx∩Ω = ∅}. Then Hl∩bΩ 6= ∅ and Hl is tangent
to bΩ.
Now we treat together the subcase when Hl ∩ bΩ = ∅ (i.e. Hl is
asimpthotic to bΩ) and the case when for every x ∈ R, Hx ∩ Ω 6= Φ.
Let w0 = (w1, . . . , wn) ∈ Ω. We will prove that there exists u ∈ Cnr{0}
orthogonal to v such that for every k > 0, we have w0+ku ∈ Ω. Assume
by contradiction that the hyperplane Hw1 passing by w
0 and orthogonal
to v intersects bΩ in a compact set M . For every y ∈ M , the tangent
hyperplane Hy to bΩ in y intersects the line {w0 + kv : k ∈ R} in
a point py = (p1, . . . , pn) with p1 < w1. This implies that the set
{z ∈ Ω : z1 ≤ w1} is included in the intersection of all halfspaces
given by Hy and w
0, thus is bounded. This is in contradiction with the
assumption of the first case, as well as of the second case. Therefore
there exists u ∈ Cn r {0} orthogonal to v such that for every k > 0,
w0 + ku ∈ Ω. We apply the previous proof to show that this property
holds for every z ∈ Ω and thus u ∈ C. This is a contradiction, since C
is included in the open halfspace bounded by H . ✷
As for the existence of a maximal solution the natural idea is to con-
struct the maximal solution as limit of a sequence of Perron-Bremermann
functions defined on bounded domains considering an appropriate ex-
haustive sequence of subdomains of Ω.
We may assume that the vector given by the Proposition 9 to be v =
(1, 0, . . . , 0) and let k0 ∈ R be such thatH0 = {z = (x1, y1, . . . , xn, yn) ∈
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Cn : x1 = k0} to be the unique hyperplane orthogonal to v and tan-
gent to bΩ. We may assume that k0 = 0. Let (cν)ν>0 and (c
′
ν)ν>0 be
increasing sequences in R such that
{z ∈ Ω : x1 < c′ν} ⊂ B(0; cν) ⊂ {z ∈ Ω : x1 < c′ν+1}, ∀n ∈ N,
(see figure 2). Let
Ω′ν = {z ∈ Ω : l(z) < c′ν}
and
Ων = Ω ∩B(0; cν).
Notice that Ων may not be with C
2 boundary. For all that, we may
assume Ων to be with C
2 boundary, using the same aproximation result
as in the proof of the Theorem 6. Let A′ = bΩ′ν ∩ bΩ and B′ν =
bΩ′ν ∩ Hν . By Lemma 2, if u ∈ Psh(s)(Ων), then
max
z∈Ω
′
ν
u(z) = max
z∈A′
u(z).
Let Aν = bΩν ∩ bΩ and Bν = bΩν ∩ bB(0; cν). Let
{φ : b Ων → R : φ|Aν = h|Aν} = {φν,j}j∈J
be the set of all continuous extensions of h|Aν to bΩν (see figure 2).
For every ν ∈ N and for every j ∈ J , let Φν,j be the solution of the
Bremermann-Dirichlet problem of the domain Ων and function φν,j.
Proposition 10. For every ν ∈ N and for every z ∈ Ω′ν there exists
az,ν ∈ R, such that {Φν,j(z) : j ∈ J} = (−∞, az,ν) or {Φν,j(z) : j ∈
J} = (−∞, az,ν].
Proof. For every j ∈ J there exists a family of functions {φν,t}t∈R,
φν,t : b Ων → R, for every t ∈ R, which contains φν,j as element, such
that for every z ∈ Bν rAν we have:
(i) φν,t(z) is continuous strongly increasing with respect to t;
(ii) lim
t→−∞
φν,t(z) = −∞;
(iii) lim
t→+∞
φν,t(z) = +∞.
By Proposition 3, we get: if t1 ≤ t2, then φν,t1 ≤ φν,t2 and
max
z∈Ων,t
|Φν,t1 − Φν,t2 | = max
z∈bΩν,t
|φν,t1 − φν,t2|
for all ν ∈ N and t1, t2 ∈ R. Since the function φν,t(z) is continuous
with respect to t, for every z ∈ bΩν , the function Φν,t(z) is continuous
with respect to t, for every z ∈ Ων , thus its image is an interval.
Assume that {Φν,t(z) : t ∈ R} is lower bounded in some z0 ∈ Ω′ν .
Choosing tk = −k, with k ∈ N, we obtain a sequence of decreasing
plurisubharmonic functions (Φν,k)k and passing to the limit for k →∞,
we obtain a plurisubharmonic function Ψν such that Ψν(z
0) > −∞. Let
z1 ∈ Bν r Aν and { l(z) = c} be a complex hyperplane tangent in z1
to Ων . Then there exists ε0 > 0, such that M = {z ∈ Ων : l(z) =
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c+ ε, |ε| < ε0} is a neighborhood of z1 in Ων which is union of domains
in complex hyperplanes Mε = {z ∈ Ων : l(z) = c + ε} with boundary
bMε ⊂ (Bν r Aν) . Since Ψ|Mε is plurisubharmonic and Ψ|bMε ≡ −∞,
we get Ψ|M ≡ −∞, thus Ψ ≡ −∞, contradiction. Therefore, for
z ∈ Ων and for a family {φν,t}t∈R, the set {Φν,t(z) : t ∈ R} is an
interval which is not lower bounded. Thus the set {Φν,j(z) : j ∈ J} is
union of intervals with the same property, which is also an interval not
lower bounded.
Using Lemma 2, we get that for every z ∈ Ω′ν , {Φν,j(z) : j ∈ J} is
upper bounded by sup
z∈A′ν
h(z).
✷
Proposition 11. Using the previous notations, if ν1 < ν2, then for
every z ∈ Ω′ν1, az,ν1 ≥ az,ν2.
Proof. Assume by contradiction that there exists z0 ∈ Ω′ν1 with az0,ν1 <
az0,ν2. Then there exists j2 ∈ J such that az0,ν1 < Φν2,j2(z0). Let j1 ∈ J ,
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such that
φν1,j1(z) > Φν2,j2(z)
for all z ∈ Bν1 . We get the contradiction since Φν1,j1 is the solution of
the Bremermann-Dirichlet problem for the function Φν1,j1, φν1,j1(z) >
Φν2,j2(z) on Ων1 , but Φν1,j1(z
0) < Φν2,j2(z
0). ✷
For every ν ∈ N, let us define on Ω′ν
Φν = sup
j∈J
Φν,j
and let
Φ∗ν(z) = lim sup
ζ→z
Φν(ζ)
be the upper semicontinuous envelope of Φν , which is a plurisubhar-
monic function.
Proposition 12. Using the previous notations, for every ν0 ∈ N,
{Φ∗ν(z)}ν≥ν0 is a decreasing sequence of functions, plurisubharmonic
on Ω′ν0 and for every ν ∈ N, the function Φ∗ν+1 defined as before is
continuous on Aν and satisfies Φ
∗
ν+1|Aν = h|Aν .
Proof. By the Proposition 11, for every ν0 ∈ N, the sequence {Φν(z)}ν≥ν0
is decreasing on Ω′ν0 , thus passing to the lim sup for ζ → z in the points
z ∈ Ω′ν0 , we get that {Φ∗ν(z)}ν≥ν0 has the same property.
For every ν ∈ N, Φν was constructed as the sup of a family of con-
tinuous functions, therefore it is lower semicontinuous, thus for every
z ∈ Aν
(1) Φ∗ν+1(z) = lim sup
ζ→z
Φν(ζ) ≥ lim inf
ζ→z
Φν(ζ) ≥ Φν(z) = h(z)
Let c : b Ω′ν+1 → R be a continuous function such that
c|Aν = h|Aν = Φν+1|Aν
and
c|bΩ′ν+1rAν ≥ Φν+1|bΩ′ν+1rAν .
There exists a continuous function Γ : Ω
′
ν+1 → R, harmonic on Ω′ν+1,
such that Γ|bΩ′ν+1 = c. For every j ∈ J , Φν+1,j is plurisubharmonic on
Ω′ν+1 and thus, in particular, subharmonic. We have
Φν+1,j |bΩ′ν+1 ≤ Φν+1|bΩ′ν+1 ≤ c = Γ|bΩ′ν+1,
for all j ∈ J , therefore
Φν+1,j |Ω′ν+1 ≤ Γ
on Ω′ν+1 for all j ∈ J . Thus
Φν+1|Ω′ν+1 ≤ Γ
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on Ω′ν+1. Passing to the lim sup for ζ → z in the points z ∈ Aν and
using the continuity of Γ, we get
(2) Φ∗ν+1|Aν ≤ Γ|Aν = h|Aν .
From (1) and (2) it follows Φ∗ν+1|Aν = h|Aν . To prove that Φ∗ν+1 is
continuous on Aν , it suffices to show that it is lower semicontinuous on
Aν , since Φ
∗
ν+1 is upper semicontinuous. Indeed,
lim inf
ζ→z
Φ∗ν+1(ζ) ≥ lim inf
ζ→z
Φν+1(ζ) ≥ Φν+1(z) = h(z) = Φ∗ν+1(z)
for all z ∈ Aν , since Φν+1 is lower semicontinuous. ✷
For every z ∈ Ω there exists ν0 ∈ N, such that z ∈ Ων0 . Let Φ : Ω→
R be defined by
(3) Φ(z) = inf
ν≥ν0
Φ∗ν(z).
As a consequence of the way in which it was constructed, the function Φ
extends plurisubharmonicaly the boundary values prescribing function
h and it is maximal among the functions with the same property. So
we can conclude the section with the following
Theorem 13. If Ω ⊂ Cn is an unbounded strongly convex domain
and h : b Ω → [0,+∞) a continuous function, then the Bremermann-
Dirichlet problem (⋆) admits a (non negative) maximal solution Φ, i.e.
if Φ′ is another solution of (⋆), then Φ′ ≤ Φ.
Proof. We consider the previous construction of the function Φ from
(3). Since h is non negative, Φν is non negative for every ν ∈ N, thus Φ
is non negative. Φ was constructed as the infimum of a family of upper
semicontinuous functions, thus it is upper semicontinuous. Since for
every ν ∈ N, Φ∗ν+1|Aν = h|Aν , it is clear that Φ|bΩ = h.
Let Φ′ ∈ Psh(s)(Ω) be a function with Φ′|bΩ ≤ h, let z ∈ Ω and
let ν ∈ N such that z ∈ Ω′ν . Let j ∈ J such that Φ′|Bν ≤ φν,j|Bν .
Then Φ′|Ω′ν ≤ Φν,j |Ω′ν , thus Φ′|Ω′ν ≤ Φν |Ω′ν and Φ′|Ω′ν ≤ Φ∗ν |Ω′ν . Since the
inequality holds for every ν ∈ N with z ∈ Ω′ν , we get Φ′|Ω′ν ≤ Φ|Ω′ν . ✷
Remark 14. The function Φ from the previous theorem is locally
maximal.
Indeed, if G ⊂ Ω in an open subset and v ∈ Psh(s)(G) such that
v|bG ≤ Φ|bG, we may consider the function Φ′ : Ω→ R given by
Φ′(z) =
{
max{Φ(z), v(z)}, z ∈ G
Φ(z), z ∈ ΩrG
By Proposition1, Φ′ is plurisubharmonic, therefore it is a solution of
(⋆). Using the maximality of Φ, Φ′ ≤ Φ, therefore v ≤ Φ on G.
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4.2. Continuity.
Proposition 15. Let Ω ⊂ Cn be an unbounded strongly convex domain
and h : b Ω → [0,+∞) a continuous function. Then the maximal
solution of the Bremermann-Dirichlet problem (⋆) is continuous on bΩ.
Proof. We consider the previous construction of the function Φ from
(3) and we have to prove that it is continuous on bΩ. Since Φ is
upper semicontinuous, it remains to prove its lower semicontinuity. Let
z0 ∈ bΩ. By Theorem 6, there exists a solution u of the problem (⋆)
which is continuous on Ω. Let Ψ : Ω→ R be given by Ψ = max{Φ, u}.
Then Ψ is a solution of the problem (⋆), thus by the Proposition 13 it
follows that Φ ≥ Ψ on Ω, which implies
lim inf
z→z0
Φ(z) ≥ lim inf
z→z0
Ψ(z) ≥ lim inf
z→z0
Ψ1(z) = Ψ1(z
0) = h(z0) = Φ(z0).
✷
Remark 16. Continuity of h can be relaxed. Indeed, if h is only
upper semicontinuous, we can approximate it from above by a de-
creasing sequence of continuous functions hν . Thus we obtain a de-
creasing sequence of plurisubharmonic functions Φν converging to a
limit Φ, which is plurisubharmonic and for each z ∈ bΩ such that
lim supz→z0 h(z) = h(z
0) we have lim supz→z0 Φ(z) = h(z
0).
Proposition 17. If Ω ⊂ Cn is an unbounded strongly convex domain,
h : b Ω → [0,+∞) a continuous function, D⊂Ω is a strongly pseudo-
convex subdomain such that the maximal solution Φ of the Bremermann-
Dirichlet problem (⋆) is continuous on bD, then Φ is continuous on D.
Proof. Let u denote the solution of the Bremermann-Dirichlet problem
for the domain D and given boundary Φ|bD. It is clear that Φ|D ≤ u.
Define
Ψ(z) =
{
u(z), z ∈ D
Φ(z), z ∈ ΩrD,
By Proposition 1, the function Φ is plurisubharmonic, thus it is a so-
lution of the problem (⋆), therefore, by Theorem 13 we get Φ ≥ Ψ and
in particular Φ|D ≥ Ψ|D = u. Thus, Φ|D = u, which is a continuous
function. ✷
The continuity of the maximal plurisubharmonic solution Φ on Ω is
more involved. It heavily depends on the behaviour of the boundary
value h. In the rest of this section we treat some particular case which,
in particular, allows us to prove continuity for bounded boundary val-
ues.
Let
M = {x1 : z = (x1, y1, . . . , yn) ∈ bΩ}
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and g :M → R be defined by
(4) g(x) = max{h(z) : x1 ≤ x};
then
(5) g(x) = max{Φ(z) : x1 ≤ x}
by Lemma 2.
We have
Lemma 18. If
lim
x→+∞
g(x)
x
= 0,
then the function Φ defined in (3) is continuous.
Proof. Let z0 ∈ Ω, z0 = (ξ1, ζ1, . . . , ξn, ζn) and let ε > 0. We define
R : Cn → R by
R(z) = − ε
2ξ1
x1 − ε
2
.
Since
lim
x→+∞
g(x)
x
− ε
2ξ1
= − ε
2ξ1
< 0,
we get
lim
x→+∞
g(x)− ε
2ξ1
x = −∞,
thus there exists ν ∈ N such that
(6) Φ(z) +R(z) < 0, ∀z = (x1, y1, . . . , yn) ∈ Ωr Ω′ν−2.
Since Φ is continuous on A′ν , for every z ∈ A′ν there exists δz > 0 such
that for every z′ ∈ B(z; 2δz),
|Φ(z)− Φ(z′)| < ε
4
.⋃
x∈A′ν
B(z; δz) is an open covering of the compact set A
′
ν , thus there
exists a finite subcovering
⋃
i∈I B(zi; δzi). Let δ = min{δzi : i ∈ I}. We
claim that
Φ(z) ≥ Φ(z0)− ε,
for all z ∈ B(z0; δ/3), i.e. Φ is lower semicontinuous in z0, thus contin-
uous. Let z′ ∈ B(z0; δ/3) and y = z0 − z′. Let Ψ : Ω → R be given
by
Ψ(z) =


max{Φ(z),Φ(z + y) +R(z)}, z ∈ Ω′ν−1, dist(z, bΩ) > δ3
Φ(z), z ∈ Ω′ν−1, dist(z, bΩ) ≤ δ3
Φ(z), z ∈ Ωr Ω′ν−1
We will show that Ψ is plurisubharmonic on Ω. Since Φ is plurisub-
harmonic on Ω, it remains to prove the plurisubharmonicity of Ψ in
a neighborhood of points z with dist(z, bΩ) = δ/3 or z ∈ B′ν−1. Let
z ∈ Ω with dist(z, bΩ) ∈ (δ/3, 2δ/3). Then there exists z′′ ∈ bΩ with
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‖z − z′′‖ < 2δ/3 and thus ‖(z + y)− z′′‖ < δ. There exists i ∈ I such
that ‖z′′ − zi‖ < δzi, therefore z, z + y ∈ B(zi; 2δzi), thus
|Φ(z)− Φ(zi)| < ε/4, |Φ(z + y)− Φ(zi)| < ε/4,
thus
Φ(z) > Φ(z + y)− ε/2.
Therefore, in a neighborhood of points z with dist(z, bΩ) = δ/3, Ψ
is equal to Φ. Now, let z ∈ B′ν−1 with dist(z, bΩ) > δ/3. Then,
decreasing eventualy δ, z + y ∈ Ω′ν r Ω′ν−2 and using the relation (6)
and the uniformly continuity of the function R on Ω
′
ν r Ω
′
ν−2, we get
that
Φ(z + y) +R(z) < 0 ≤ Φ(z)
in a neighborhood of z. Therefore, in a neighborhood of z, Ψ is equal
to Φ.
By the Proposition 13, we get that Φ ≥ Ψ. Taking z = z′, we get
that Φ(z′) ≥ Ψ(z′) ≥ Φ(z′ + y)− ε = Φ(z0)− ε. ✷
As a immediate consequence, we get the following
Proposition 19. Let Ω ⊂ Cn be an unbounded strongly convex domain
and h : b Ω → R a bounded continuous function. Then the maximal
solution of the Bremermann-Dirichlet problem (⋆) is continuous on Ω.
Remark 20. Under the assumpsion of the previous proposition, (as
well as for other less restrictive hypothesis which guarantee the continu-
ity of the maximal solution, see Subsection 4.3), the maximal solution
of the Bremermann-Dirichlet problem (⋆) satisfies the distributional
definition for the homogeneous complex Monge-Ampe`re equation in-
troduced by Bedford and Taylor (see [1]).
Some variations on the theme are contained in the next subsection.
4.3. Some examples.
Lemma 21. Let Ω be a strongly convex domain in coordinates choosen
like before. Let m ∈ N, let
K = {z = (x1, y1, . . . , yn) ∈ Cn : m(2m− 1)y21 − x21 < 0, x1 > 0}
and assume that there exists u = (α, β, 0, . . . , 0) ∈ Cn such that Ω ⊆
K − u. Using the previous notations, if
lim
x→+∞
g(x)
x2m−1
= 0,
then Φ is continuous.
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Proof. The proof is analogue with the proof of the Lemma 18. Let
a > 0. We put
k =
ε
2(ξ1 + α + a)2m − 2m(2m− 1)(ζ1 + β)2(ξ1 + α + a)2m−2
and we define R : Cn → R by
R(z) = k(m(2m− 1)(y1 + β)2(x1 + α+ a)2m−2 − (x1 + α+ a)2m)− ε
2
.
The function R has the following properties:
(i) R ∈ Psh(Cn);
(ii) R(z) < −ε/2, ∀z ∈ K − u;
(iii) R(z0) = −ε.
(iv) R(z) < −k(2ax2m−11 − a2x2m−21 ), ∀z = (x1, y1, . . . , yn) ∈ K − u;
Since
lim
x→+∞
g(x)
x2m−1
− k(2ax
2m−1 − a2x2m−2)
x2m−1
= −2ak < 0,
we get
lim
x→+∞
g(x)− k(2ax2m−1 − a2x2m−2) = −∞,
therefore, using the property (iv) and the definition of g by relation
(4), there exists ν ∈ N such that
(7) Φ(z) +R(z) < 0,
for all z ∈ Ωr Ω′ν−2.The rest of the proof goes as in Lemma 18. ✷
Proposition 22. Let Ω ⊂ Cn be an unbounded strongly convex domain
in coordinates choosen like before and h : b Ω→ [0,+∞) a continuous
function. If there exist a, b, c ∈ R such that Ω ⊆ P , where
P = {z ∈ Cn : ay21 + by1 + c < x1}
and there exists m0 ∈ N such that
lim
x→+∞
g(x)
xm0
= 0,
where g is given by (4), then the maximal solution Φ of the Bremermann-
Dirichlet problem (⋆) is continuous.
Proof. Let m ∈ N, such that 2m− 1 > m0 and let
K = {z = (x1, y1, . . . , yn) ∈ Cn : m(2m− 1)y21 − x21 < 0, x1 > 0}.
There exists u = (α, β, 0, . . . , 0) ∈ Cn such that P ⊂ K − u. By the
Lemma 21 it follows that Φ is continuous. ✷
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Proposition 23. Let Ω ⊂ Cn be an unbounded strongly convex domain
in coordinates choosen like before and h : b Ω→ [0,+∞) a continuous
function. Let a > 0 and
K = {z ∈ Cn : y1 ∈ (−
√
2/a,
√
2/a)}.
If Ω ⊆ K and there exists α < a such that
lim
x→+∞
g(x)
eαx
= 0,
where g is given by (4), then the maximal solution Φ of the Bremermann-
Dirichlet problem (⋆) is continuous.
Proof. We take
k =
εe−αξ1
2α2ζ21 − 4
and
R(z) = keαx(α2y2 − 2)− ε/2.
The condition (iv) becomes
R(z) < 2k
(
α2
a2
− 1
)
eαx1
for all z = (x1, y1, . . . , yn) ∈ K and since
lim
x→+∞
g(x)
eαx
+ 2k
(
α2
a2
− 1
)
= 2k
(
α2
a2
− 1
)
< 0,
we get
lim
x→+∞
g(x) + 2keαx
(
α2
a2
− 1
)
= −∞
From now on the proof is similar to that of Lemma 21. ✷
5. The case of unbounded strongly pseudoconvex domains
The construction and the arguments used in the case of strongly con-
vex domains in order to obtain the maximal plurisubharmonic function
and to get its continuity on bΩ, remain true in the case of the strongly
pseudoconvex domains except for the ”preparation theorem” and the
construction of the ”exhaustive” sequence of hyperplanes which have
compact intersection with bΩ. The domains Ω′ν , having the property
that any plurisubharmonic function u ∈ Psh(s)(Ων) riches its maximum
on that part of the boundary of Ω′ν which is containd in bΩ (denoted
by A′ν), were obtained in the strongly convex case as the intersection of
Ω with a convenient sequence of parallel halfspaces. In the case of the
strongly pseudoconvex domains it may be possible for any sequence of
hyperplanes to contain elements which divide Ω in two subsets which
are both not relatively compact. Therefore, the domains Ω′ν will be con-
structed in a different way, namely as envelopes of plurisubharmonicity.
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In this section Ω ⊂ Cn will denote a strongly pseudoconvex domain.
Let (Σν)ν∈N be a sequence of compact subsets Σν ⊂ bΩ, such that
Σν ⊂ Σν+1 for every ν ∈ N and⋃
ν∈N
Σν = bΩ.
Passing, if necessary, to a subsequence, we may find a sequence of
balls B(0; cν) with increasing radius cν such that if we denote as in the
convex case
Ων = Ω ∩B(0; cν),
Aν = bΩν ∩ bΩ and Bν = bΩν ∩ bB(0; cν), then
Aν−1 ⊂ Σν ⊂ Aν ,
for every ν ≥ 1. We define Ω′ν as the plurisubharmonic envelope of Σν
Ω′ν = {z ∈ Ων : f(z) ≤ max
ζ∈Σν
f(ζ), ∀f ∈ Psh(s)(Ων)}
Differently from what happens in the case of strongly convex do-
mains, a priori we may now have
(8)
⋃
ν∈N
Ω′ν ( Ω.
which would not guarantee Φ < +∞. A sufficient condition in order to
have equality in (8) is that for every point z ∈ Ω there exists an analytic
disc Dz ∋ z such that Dz ∩ bΩ to be compact. A sufficient condition
for having this was first pointed out by Lupacciolu [5] in studying the
extension problem for CR functions in unbounded domains. Precisely,
(L) if Ω
∞
denotes the closure of Ω ⊂ Cn ⊂ CPn in CPn, then there
exists an algebraic hypersurface
Z = {z ∈ Cn : P (z) = 0}
such that Z ∩ Ω∞ = ∅.
Equivalently
(L′) there exists a polynomial P ∈ C[z1, . . . , zn] such that
Ω ⊂ {z ∈ Cn : |P (z)|2 > (1 + |z|2)degP} .
Remark 24. There exist unbounded strongly pseudoconvex domains
Ω ⊂ Cn which do not verify the condition (L).
Indeed, if we consider a polynomial Q ∈ C[z1, . . . , zn] and the domain
Ω = {z ∈ Cn : ‖z‖2 + log ‖Q(z)‖2 < 1},
then Ω is strongly pseudoconvex since its boundary is a level set of a
strongly plurisubharmonic function. If ZQ is the zero set of Q we have
ZQ ⊂ Ω. Then for every polynomial P ∈ C[z1, . . . , zn], the zero set ZP
of P and ZQ intersects in CP
n, i.e. condition (L) is not satsfied.
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Remark 25. It is worthy observing that Ω has no defining function.
Indeed, assume that ̺ is strongly plurisubharmonic in a neighbourhood
of Ω and such that Ω = {̺ < 0}. Then, ̺|ZQ is bounded above,
thus extendable on the projective closure ẐQ of ZQ hence constant: a
contradiction.
Theorem 26. If Ω ⊂ Cn is an unbounded strongly pseudoconvex do-
main which verifies the condition (L) and h : b Ω → [0,+∞) a con-
tinuous function, then the Bremermann-Dirichlet problem (⋆) admits
a (non negative) maximal solution Φ, i.e. if Φ′ is an other solution of
(⋆), then Φ′ ≤ Φ. Moreover, the function Φ is continuous on bΩ.
Proof. The only thing we have to show in order to conclude the
proof (by using the methods of the previous section) is that, up to
a holomorphic change of coordinates and a holomorphic embedding
E : Cn → CN , for every z ∈ Ω, there exists a hyperplane passing by z
which intersects bΩ in a compact set.
Following [5], we divide the proof in two steps.
Step 1. P linear. We consider Ω ⊂ CPn = Cn ∪ CPn−1∞ , which
is disjoint from Z = {P = 0}. So we can consider new coordinates of
CPn in such a way that Z is the CPn−1 at infinity. Now Ω is a relatively
compact open set of (Cn)′ = CPn r Z and H∞ = CP
n−1
∞ ∩ (Cn)′ is a
complex hyperplane containing the topological boundary of bΩ. For
every z ∈ Ω, the complex hyperplane passing by z and parallel to H∞
intersects bΩ in a compact set Mz. Similarely to the case when Ω was
strongly convex, we can define an exaustive sequence Ω′ν of subsets of
Ω such that every function u ∈ Psh(s)(Ω′ν) reaches its maximum on
A′ν = bΩ
′
ν ∩ bΩ. For instance, we can take
Ω′ν =
⋃
dist (z,H∞)>1/n
Mz.
Step 2. P generic. We use the Veronese map V to embed CPn in a
suitable CPN in such a way that V (Z) = L0 ∩ V (CPn), where L0 is a
linear subspace. The Veronese map V is defined as follows: let d be
the degree of P , and let
N =
(
n + d
d
)
− 1.
Then V is defined by
V (z) = V [z0 : . . . : zn] = [. . . : wI : . . .]|I|=d,
where wI = z
I . If P =
∑
|I|=d αIz
I , then V (Z) = L0 ∩ V (CPn), where
L0 =


∑
|I|=d
αIwI = 0

 .
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Again we can change the coordinates such that L0 is the CP
N−1 at
infinity. We may now find the complex hyperplane as in Step 1. ✷
6. Existence of a pluriharmonic solution
Similarly to the plurisubharmonic functions, one can define the plurisu-
perharmonic functions. Precisely, a plurisuperharmonic function Φ :
Ω → R ∪ {+∞} on a domain Ω ⊆ Cn is a lower semicontinuous func-
tion such that its restriction to any complex line is superharmonic;
equivalently, Φ is plurisuperharmonic if and only if −Φ is plurisubhar-
monic.
Obviously, we can obtain for plurisuperharmonic functions results
which are similar to those we get in the previous sections for plurisub-
harmonic functions. Thus, if Ω ⊂ Cn is an unbounded strongly convex
domain and h : b Ω→ R a continuous function, then the Bremermann-
Dirichlet problem
(⋆′)


(i) u is lower semicontinuous in Ω
(ii) u is plurisuperharmonic in Ω
(iii) u|bΩ = h
(which for making sense, we assume h upper bounded), admits a min-
imal solution χ which is continuous on bΩ. Moreover, if h is bounded,
then χ is continuous on Ω.
For the solvability of both (⋆) and (⋆′) problems, we assume that h is
bounded. In this case, the respective solutions Φ and χ are continous
on Ω, satisfy Φ ≤ χ and for every harmonic solution η of the classical
Dirichlet problem we have Φ ≤ η ≤ χ.
If there exists z ∈ Ω such that Φ(z) = χ(z), then for the maximum
principle applied to the plurisubharmonic function Φ−χ, we get Φ ≡ χ,
thus there exists a pluriharmonic solution of the problem.
It is well known that boundary values of pluriharmonic functions
must satisfy certain compatibility conditions. In [3] it is constructed
a differential operator of the third order ∂bω such that: on a strongly
pseudoconvex hypersurface, the traces h in the sense of distributions
of pluriharmonic functions are solutions of ∂bω; conversely, if Ω is sim-
ply connected and bΩ is strongly pseudoconvex, every solution of the
operator ∂bω can be extended to a pluriharmonic function.
7. A generalization for q-plurisubharmonic functions
A C2 function u : U → R on an open set U ⊆ Cn is called q-
plurisubharmonic, 0 ≤ q ≤ n − 1, if its Levi form L(u) has at least
(n − q) non-negative eigenvalues. A generalization of the problem (⋆)
for q-plurisubharmonic functions was considered by Hunt and Mur-
ray in [4]. The authors gave a new definition for q-plurisubharmonic
functions, which is also applicable to less regular functions. Precisely,
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a q-plurisubharmonic function u : U → R ∪ {−∞} on an open set
U ⊆ Cn is an upper semicontinuous function such that for every (q+1)-
dimensional complex plane L intersecting U , for every compact subset
K ⊂ U ∩ L and for every superharmonic function v on intK, C2 up
to the boundary such that v|bK ≥ u|bK, we have v|K ≥ u|K. Ob-
serve that with this terminology, the 0-plurisubharmonic functions are
the plurisubharmonic functions. If U ∈ Cn is an open set, we de-
note by Psh(s)q (U) the set of upper semicontinuous functions in U and
q-plurisubharmonic in U .
Given a domain Ω ⊂ Cn and a continuous function h : b Ω → R, a
generalized Dirichlet problem consists of finding a function u : Ω→ R,
such that
(⋆′′)


(i) u is upper semicontinuous in Ω
(ii) u is q-plurisubharmonic in Ω
(iii) u|bΩ = h
Let Ω ⊆ Cn be a domain with C2 boundary. Let ̺ be a defining
function for Ω in a neighbourhood U of a point p ∈ bΩ. If the Levi
form Lp(̺) of ̺ at p has at most q negative eigenvalues, Ω is called
strongly q-pseudoconvex at p. A bounded strongly q-pseudoconvex
domain Ω admits a q-plurisubharmonic globaly defining function in a
neighbourhood of Ω. Hunt and Murray proved that if Ω is a strongly
q-pseudoconvex bounded domain and 2q < n, then the problem (⋆′′)
admits a maximal solution uqΩ,h; this is the upper envelope of the func-
tions u which are upper semicontinuous on Ω, q-plurisubharmonic on
Ω and such that u|bΩ ≤ h. Moreover, uqΩ,h is continuous on Ω and it
is also (n − q − 1)-plurisuperharmonic. The same is true in a slightly
more general situation, namely for bounded strongly r-pseudoconvex
domains and q-plurisubharmonic functions with 0 ≤ q ≤ n − r − 1,
as noticed by Slodkowski in [8]. In the same paper, the author call q-
Bremermann a continuous function which is both q-plurisubharmonic
and (n − q − 1)-plurisuperharmonic and proved that for a continuous
function h and for each 0 ≤ q ≤ n−1 there exists at most one function
u continuous on Ω, q-Bremermann on Ω and such that u|bΩ = h. In
particular, if Ω is a bounded strongly pseudoconvex domain and h a
continuous function, then for each 0 ≤ q ≤ n− 1 the problem (⋆′′) has
a unique q-Bremermann solution.
In this section we want to extend to unbounded domains the re-
sults concerning the q-plurisubharmonic functions and the problem
(⋆′′), as we did in the previous sections for the plurisubharmonic func-
tions and the problem (⋆). We assume again that the vector given
by the Proposition 9 is v = (1, 0, . . . , 0) and we repeat for the q-
plurisubharmonic functions the construction we made in Section 4 for
plurisubharmonic functions. The Propositions 1, 3, 10, 11 hold for
q-plurisubharmonic functions with similar proofs. Lemma 2, which
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was used to prove the upper boundedness of a family of plurisub-
harmonic functions, holds also for q-plurisubharmonic functions, since
the harmonic function φ ≡ M is in particular superharmonic. The
Proposition 12 holds for q-plurisubharmonic functions with a slightly
different proof, namely the function Γ must be choosen plurisuperhar-
monic instead of harmonic, so we will take Γ to be the solution of
the Bremermann-Dirichlet problem for plurisuperharmonic functions
for the domain Ω′ν+1 and boundary value c. All this results allow us to
state the following
Theorem 27. If Ω ⊂ Cn is an unbounded strongly convex domain and
h : b Ω → [0,+∞) a continuous function, then for every 1 ≤ q ≤
n − 1 the generalized Dirichlet problem (⋆′′) admits a (non negative)
maximal solution Φ, i.e. if Φ′ is an other solution of (⋆′′), then Φ′ ≤ Φ.
Moreover, Φ is continuous on bΩ.
Proof. The first part of the proof follows as for plurisubharmonic
functions. To prove the continuity of the function Φ on bΩ, we ob-
serve that the function furnished by the Theorem 6 is in particular
q-plurisubharmonic. ✷
Theorem 28. Let Ω ⊂ Cn be an unbounded strongly convex domain
in coordinates choosen like before and h : b Ω→ [0,+∞) a continuous
function. If one of the following conditions hold:
(i) lim
x→+∞
g(x)
x
= 0 or in particular h is bounded;
(ii) there exist a, b, c ∈ R such that Ω ⊆ P , where
P = {z ∈ Cn : ay21 + by1 + c < x1}
and there exists m0 ∈ N such that lim
x→+∞
g(x)
xm0
= 0;
(iii) there exist a > 0 such that Ω ⊆ K, where
K = {z ∈ Cn : y1 ∈ (−
√
2/a,
√
2/a)}
and there exists α < a such that lim
x→+∞
g(x)
eαx
= 0,
where g is given by (4), then the maximal solution Φ of the gener-
alized Dirichlet problem (⋆′′) is continuous in Ω and (n − q − 1)-
plurisuperharmonic in Ω.
Proof. The proof of the continuity is similar with the case of plurisub-
harmonic functions. In this situation we use a result of Sadullaev (see
[8]) which says that the sum between a q-plurisubharmonic function
and a r-plurisubharmonic function is (q + r)-plurisubharmonic and in
the particular case r = 0 the sum between a q-plurisubharmonic func-
tion and a plurisubharmonic function is q-plurisubharmonic.
The proof of the fact that the maximal solution Φ is (n − q − 1)-
plurisuperharmonic in Ω is similar to the case of bounded domains. Let
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L be a (q+1)-dimensional complex plane intersecting Ω, K ⊂ Ω∩L a
compact subset and v a subharmonic function on intK, C2 up to the
boundary, such that v|bK < Φ|bK. We may assume that K is a ball
and that the complex plane L is given by z1 = 0, z2 = 0, . . . , zq = 0,
thus v(z) is actually v(zq+1, . . . , zn). Let v˜(z1, z2, . . . , zn) be given by
v˜(z1, z2, . . . , zn) = v(zq+1, . . . , zn)− k(z1z¯1 + . . .+ zqz¯q),
where k > 0 is choosen sufficiently large such that v˜ < Φ on bU,
where U ⊂ Ω is still to be choosen strongly pseudoconvex domain with
C2 boundary and with closure in Ω whose intersection with L is K.
Since the Levi form of v˜ has (n − q) non-negative eigenvalues, v˜ is q-
plurisubharmonic on U if for instance U is choosen an ellipsoid which
has L as symmetry plane. Since v˜ < Φ on bU, using the result similar
to the Proposition 1 for q-plurisubharmonic functions we get that the
function Ψ : Ω→ R given by
Ψ(z) =
{
max{Φ, v˜}, on U
Φ, on ΩrU,
is a solution of the problem (⋆′′). Using the maximality of the function
Φ, we get that v˜|U < Φ|U and thus v|K = v˜|K < Φ|K . ✷
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